Abstract. Let G be a finite group and suppose that A acts via automorphisms on G. The repeated commutators are the subgroups [G, A, A, . . . , A], where there is some positive number of commutations by A, and the final commutator is the smallest of these repeated commutators. We show that if [G, A] is nilpotent, then the final commutator is normal in G. Also, in general, if K is an arbitrary repeated commutator and P is the permutation group induced by the action of A on the left cosets of K in G, we relate the structure of P to the structure of [G, A].
Introduction
Let G be a group and suppose that some group A acts on G via automorphisms. We define the repeated commutators of G by A to be the subgroups of the form [G, A, A, . . . , A], where the number of commutations by A is positive but otherwise arbitrary. (These repeated commutators were called the "displacement groups of G under A" by I. J. Mohamed in [4] .) We will always assume that G is finite, and hence there is a smallest repeated commutator, and we call this the final commutator of G by A.
It is well known that if X and Y are arbitrary subgroups of some group Γ, then X and Y normalize the commutator [X, Y ] . Applying this where Γ = GA, the semidirect product, we see that all of the repeated commutators of G by A are Ainvariant, and they are subnormal in G. They are not necessarily normal, however, except, of course, that [G, A] is always normal.
The situation where the final commutator is the trivial subgroup has been well studied. For example, Philip Hall [1] proved that in this case, both [G, A] and A/C A (G) are nilpotent. Hall also showed that the nilpotence class of A/C A (G) is at most r(r − 1)/2, where r is the number of commutations by A required to reach the (trivial) final commutator. (Hall's bound on the nilpotence class of A/C A (G) was subsequently improved by T. C. Hurley [2] .)
Our goal in this paper is to study the repeated commutators of G by A without assuming that the final commutator is trivial. It is convenient, therefore, to paraphrase Hall's results so as to avoid this assumption. The group A/C G (A) is, of course, isomorphic to the group of permutations induced by the action of A on the elements of G, so if the final commutator is trivial, Hall's theorem asserts that this permutation group is nilpotent. In general, and whether or not a repeated commutator K is trivial, we know that K is A-invariant, and so A permutes the set of left cosets of K in G, and we consider the group P (G, A, K) of permutations induced by A on this set of cosets. We mention that since taking inverses yields a natural bijection between the set of left cosets of K in G and the set of right cosets of K in G, the actions of A on these two sets are permutation isomorphic. Thus although we have chosen to work with left cosets, it follows that we could have defined P (G, A, K) as the permutation group induced by A on the set of right cosets of K in G, and there would be no essential difference.
In the case where K = 1, Hall's theorem asserts that both [G, A] and P (G, A, 1) are nilpotent. We show that these two conclusions are related in the following way. Without assuming that the final commutator is trivial, we prove that if [G, A] is nilpotent and K is an arbitrary repeated commutator of G by A, then the permutation group P (G, A, K) is nilpotent.
In proving Hall's theorem, where we have K = 1, we see that once it is established that [G, A] is nilpotent (which seems to be the easier of Hall's two conclusions) one could appeal to our result to deduce that Actually, nilpotence is largely irrelevant both in the hypothesis and in the conclusion of Theorem A; it can be replaced by membership in what we shall call an SHP-class of finite groups. By this, we mean a class X of groups that is closed under taking subgroups, homomorphic images and products of normal subgroups. (The latter condition means that if U, V G and both U and V lie in X , then UV ∈ X .) Nilpotent groups, solvable groups and p-solvable groups are examples of SHP-classes. Also, more generally than solvable or p-solvable groups, the class of groups with the property that every simple section is isomorphic to a member of some specifed set of simple groups is an SHP-class. (By a section of a group G, we mean a group of the form U/V , where V U ⊆ G.) Other SHP-classes include solvable groups with Fitting height at most n and p-solvable groups with p-length at most n, where n ≥ 0 is some given integer. (It is clear that these classes are closed under subgroups and homomorphic images, and we leave it to the reader to check that they are also closed under products of normal subgroups.) We shall sometimes refer to a member of a class X as an X -group, and finally, we note that neither the class of abelian groups nor the class of supersolvable groups is an SHP-class.
If X is an SHP-class and U, V G are such that G/U and G/V are X -groups, then G/(U ∩ V ) is isomorphic to a subgroup of the X -group (G/U ) × (G/V ), and thus G/(U ∩ V ) is an X -group. It follows that given a finite group G, there exists a unique smallest normal subgroup N such that G/N ∈ X , and we write N = G X . Note that if X is the class of nilpotent groups, then G X = G ∞ . The following includes Theorem A.
Theorem B. Let A act via automorphisms on a finite group G. Suppose K is a repeated commutator of G by A, and assume that
If K is an arbitrary A-invariant subgroup of G, where A acts on G via automorphisms, then of course, the permutation group P (G, A, K) is isomorphic to A/N , where N is the kernel of the action of A on the set of left cosets of K in G. To prove Theorem B, therefore, it suffices to show that A X ⊆ N , and so we need to determine the kernel N . The following easy observation suffices for this purpose.
Lemma C. Let A act on G via automorphisms and let K ⊆ G be A-invariant. Then the kernel of the action of A on the set of left cosets of
Proof. An element a ∈ A lies in the kernel of the action on the set of left cosets of K in G if and only if (gK) a = gK, for all g ∈ G, or equivalently, if and only if
, the result folllows.
In the situation of Theorem B, it follows that to prove that The following is a converse to Theorem D.
Theorem E. Let A act on a finite group G, and let K be the final commutator of
We mention that if in Theorem E, we strengthen the condition that Although the final commutator of G by A is not always normal in G, the following result shows that the normalizer of the final commutator is always relatively large.
Theorem F. Let A act via automorphisms on a finite group G, with final commutator K. Then the generalized Fitting subgroup F * (G) normalizes K.

Recall that F * (G) = F(G)E(G), where the layer E(G)
is the product of all components of G. It is a standard result (see 6.9.2 of [3] ) that components normalize all subnormal subgroups, and thus E(G) normalizes K. The force of Theorem F, therefore, is that the Fitting subgroup F(G) always normalizes the final commutator.
SHP-classes and subnormal subgroups
All groups in the following are assumed to be finite. We begin with an easy result.
Lemma. Supppose that X is an SHP-class.
(
Proof. For (a), we have
and this is a homomorphic image of the X -group G/G X . It follows that G/G X is an X -group, and thus G X ⊆ G X .
To obtain the reverse containment, write
Lemma. Let X be an SHP-class, and suppose G = UN, where N G and
Proof. Suppose first that U G, and note that U X ⊆ G X by Lemma 2.1(a). For the reverse containment, observe that U X G, and write 
Proof. First, suppose that V G. Then V X G, and we write G = G/V X . Then V is an X -group, so by Lemma 2.1(b) and Lemma 2.2, we have
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and thus G X ⊆ U X V X . The reverse containment is clear, so we are done in this case.
For the general case, use induction on |G : V |. We can assume that V < G, and we choose M G with V ⊆ M < G. Then G = UM, and so
The reverse containment is clear.
One might ask what happens if we weaken the assumption that G = UV in Lemma 2.3 and assume only that G = U, V . We have been unable to decide if it is possible to conclude that G X = U X , V X in this situation.
The main theorems
We begin with a routine observation.
Lemma. Let A act on U via automorphisms and write V = [U, A].
Working in the semidirect product UA, we have V A UA.
Proof. Since A certainly normalizes V A, it suffices to show that U normalizes V A, or equivalently, that [V A, U] ⊆ V A.
As V UA, we can work in UA = UA/V , and we have
where the second equality holds because
Now suppose that A acts on G via automorphisms, and let Γ = GA be the semidirect product. Recall that each repeated commutator K of G by A is Ainvariant, and thus KA is a subgroup of Γ. Note also that by Dedekind's lemma,
We have the following.
Lemma. Let K be a repeated commutator of G by A, and let
Proof. Since K is a repeated commutator, we can write
X , and the result follows.
We can now prove Theorem B, which, we recall, includes Theorem A.
Proof of Theorem B. By hypothesis, [G, A]
X ⊆ K, where K is a repeated commutator of G by A and X is an SHP-class. Our goal is to show that the permutation group P (G, A, K) is an X -group, and by Lemma C, we know that it suffices to show that [G,
Proof of Theorem E. Here, K is the final commutator, and as before, we write Proof of Theorem F. Here, K is the final commutator of G by A, and we must show that F * (G) = F(G)E(G) normalizes K. As we remarked in Section 1, the layer E(G) normalizes K since K G, so it suffices to prove that F(G) normalizes K. Write F = F(G), and note that F is A-invariant and normal in G, and thus A acts on the group F K. The repeated commutators of F K by A are contained in the corresponding commutators of G by A, and so some repeated commutator of F K by A is contained in K. However [K, A] = K, and thus K is the final commutator of F K by A. Also since F is nilpotent, (F K)
.2, and it follows that [F K, A]
∞ ⊆ K. By Theorem E applied with F K in place of G, it follows that K F K, so F normalizes K, as required.
An example
Suppose we try to strengthen Theorem B by relaxing somewhat the condition that X is an SHP-class. For example, consider the class X of groups whose composition factors all lie in some given set of simple groups. Then X is not necessarily closed under taking subgroups, but it is closed under taking subnormal subgroups, as well as under homomorphic images and products of normal subgroups. Also for all finite groups G, the X -residual G X is well defined. Nevertheless, as the following example shows, the analog of Theorem B can fail in this case.
Let S be an arbitrary nonabelian simple group, and let X be the class of groups with the property that every composition factor is isomorphic to S. Let G be the wreath product of S by a cyclic group of order 2. Then G has a normal subgroup N of index 2, and N = S 1 ×S 2 , where each factor is isomorphic to S, and the S i are conjugate in G. Let A be an arbitrary nonidentity proper subgroup of S 1 , and let A act on G by conjugation. 
